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Abstract. The quantum group for the Zy model is studied from the braid group
representation. The fundamental representation is constructed from the Weyl relation
ZX = wX Z with w being an Nh root of unity. In the case of N = 2 (the eight
vertex model), the quantum group is shown 0 be a homomorphic image of the GLg(2)
with g2 = 1.

Baxter’s eight-vertex model [1] was one of the original sources used in inventing the
quantum group. The solutions of the associated Yang-Baxter equation (YBE) are
parametrized by elliptic functions [1-4,13]). They have two degenerate forms: the
trigonometric and rational solutions of the YBE. These two degenerate forms give the
well known quantum group SL (2) and the Yangian Y(SL(2)} respectively, which
are intensively studied both in mathematics and physics.

Although as early as 1981 Sklyanin [14] carefully defined his quantum algebra of
the cight vertex model by analysing a special ansatz for the solution of the YBE, and
more recently the Sklyanin algebra is arousing increasing interest, we still do not know
whether or not the Sklyanin algebra can be equipped with a Hopf algebra or even a
bialgebra structure. One way to get around this problem using a different approach is
first to study the quantum group associated with the braid group representation (BGR)
or the spectral-parameter independent YBE, since the latter is canonically associated
with a bialgebra structure. Then one tries to apply the algebra to the case of the
YBE with the spectral-parameter dependency using the so-called Yang-Baxterization
procedure.

In the present work we study the quantum group associated with the Z,, model,
which includes the eight vertex model (N = 2). The Z,, model {1, 5, 6 12] is defined
by requiring the Boltzmann weights S}%, 4,j,k,{ € Z to satisly the following Z
symmetry

S$Y =0 unless i+j=k+{(modN) 4y
S‘k:;;’j:'; f— S;ch fOf any isja k,l,P S Zj'\l" (2)

§ All correspondence should be directed to N-H Jing.
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Moreover the matrix S = (S}) € End(CN ®CM) satisfies the spectral parameter
independent YBE or the braid group relation

513833512 = 5235125 3

where S, =5®1, S,3 =195 € End(CVN@CY g CV).

The BGR of the Z,;, model was studied in [7]. We are going to insert an extra
parameter w (w™ = 1) into their solutions of the BGR for the Z, model. It will be
seen that this extra parameter w plays a similar role to the parameter ¢ in quantum
groups.

We will analyse the eight vertex model (Z, model) in this context in great detail
and show that the quantum group of the Z, model is a homomorphic image of the
GL,(2) with g®> = 1. For general N, we shall give its fundamental representation in
terms of the Weyl relations [§]

ZX =wXZ ZN = XN =1 w is an Nth root of unity. (4)

In the case of N = 2, we show that the quantum algebra has a Hopf algebra
structure by adjoining the determinant. In the general case the algebra is canonically
a bialgebra. Whether one can introduce an antipode is not clear at the moment, but
we expect a similar situation to N = 2 exists.

In the remaining part of the letter we assume the ground field is that of the
complex pumbers, though all the results are true for any algebraically closed field
with characteristic zero.

We start by examining the eight vertex model.

The general S-matrix (or the first-factor transposed R-matrix} for the Z, model
is of the following type

o o

()

o6

d a

It is easy to check that S satisfies the braid relation (3} if and only if the following
conditions hold

(&)

A\
A

=]
e

From now on we assume that the relation (6) is satisfied. From the methods of
quantum inverse scatterings of the Faddeev school [9], the quantum algebra associated
with S is an associative algebra A(S) (or sometimes denoted by A(R)) generated
by T;;,i,7 = 1,2 and the unit 1 subject to the following relations

S(z@zr)=(z@x)S (7)

Where (1:@ .’c);"’, = T;p ®$jf'
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Proposition 1. If @ # c,ad # 0, then the algebra A(S) is an associative algebra

generated by z,.,1 with the following relations

“’%1 = ‘”%2 "'-'?2 =z (8
T11Tg9p = Ty Tyrp€e = E91T 2 )
F11Typ = WT Ty T31Tag = WEyaTy (10)
T Ty = WTy Toy (11)
L11¥9 = WTy Ty T1aag = WTqpTyy (12)
T gy = W Ty Tay (13)

where w = a/b and ' = ¢/d. In other words, the algebra A(S) is a homomorphic
image of the quantum group GL,(2) with ¢ = w. The element det = @, Ty, —
Wy Ly i central.

Proof. Expanding the matrix equation (7), we obtain the relations (8) and (9) and
two other sets of similar relations in =, x5, 24,2y, and T,;,x,,%,q, Too
typical set of relations in x,,,x,,, 24, £,, takes the following form

(@ —c)z 215 — bryp@yy = —dy Tay (14)
br) x), — (@ — c)wpwy) = dagyy (15)
(a = €)Tg Tgy — brgyzy = —duy 2y (16)
br, Ty ~ (@ — €)Xy = dryyzyy. an

From substitution of (14) and (15) into (16) it follows that
~2a{a — ¢}z xy + 20(a - c)au,, =0

which is the first relation in (10) provided « # c. Other relations in (10) and (12)
are shown similarly. The relations (11) and (13) then follow by back substitutions
into (14)-(17) and the similar eguations. 0

We add the inverse of det to the algebra A(S), which will then become a Hopf
algebra with the antipode ~ given by

7("”11 “’12) — det ! ( Tz _wamlz)
Ty Ta Wy Ty

The fundamental two-dimensional representation = of the algebra A(S) can be
constructed from the S-matrix, as suggested in J9-11}. Let

‘-\.L."
il

Tf(ﬂ:"j)k!= b; i\jiksiez?' (18)

then the braid relation assures that this defines an algebra representation of the
algebra A(S).



L802 Letter to the Editor

Explicitly = is given by

w(ey,) = (a w-—la) m(xy,) = (c w’_lc)
w(zqy) = (w'—lc c) w(Zyy) = '(w_l“a a) )

In other words, the representation is constructed by the Weyl relation and can be
written neatly as follows

Z=(l ) X:( 1) ZX =wXZ  wi=1 9
w 1
‘ez X
"(“'")‘( (i'z: “waz ) (20)

Proposition 2. Every non-trivial finite-dimensional irreducible representation of
A(S) is two-dimensional.

Proof. Let (w,V) be a finite-dimensional representation of A = A(S). If Az =
zA and Ay = yA are two cyclic ideals annihilating each other such that zy = 0,
then either #(z) = 0 or m(y) = 0. Otherwise w¢ have two non-zero A-invariant
subspaces of V, thus V = n(x)V = =n(y)V, which is a contradiction,

Based on this fact and relations (8), the representation w must factor through
either A(x,, — zy,) OF A, + x9,). Moreover, = must also factor through A(z;, —
w'ey,) or A(x,,+w'x,,) correspondingly because of relations (11) and (13), i.e. we
need only consider irreducibie representations of one of the quotient aigebras, say
A= Af(x), — Tgy, 2,5 —w'z, ). Notice that the centre of the quotient algebra is

C{A/(z), —2gp, 210 ~w'Eyy) ) = (1_'?1’521)2)

where T,,,¥,, are the representatives of x,,,x,, in the quotient algebra ‘A. Hence
72, and T3, are represented by scalar matrices. The only relations in A is

L1 ¥y = WTp¥y

Therefore there are only two-dimensional non-trivial irreducible representations
[8], since T,,,T,, are essentially represented by Weyl operators up to rescaling. O

We now go on to look at the Z, model. The braid representations of the Z
model was studied in [7), where the explicit forms of the S-matrices were given up
to N = 5. We first summarize their result as follows.
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Let
Ti= Y wdM(i-l-mEMG—k+ny= S Fin) @
oEngN-1 IgngN=-1
where
§(N)(j)={l j':‘O(mod N)
0 otherwise.
The S-matrix satisfies the YBE (3), which is in the explicit form

ij Qv A ik of v
> S SinSha =SS Suh. (22)
Apv Auv

However we are going to introduce a discrete parameter w,w™ = 1 into the
S-matrix 5 as folJows,
Our new S-matrix 5 is defined by

Sh= > wtME -1 - n)sMN(G — k+ n)wiTH (23)
0gngN-1
where w is an N'th root of unity.

The satisfication of YBE of our new S-matrix is verified from the following obser-
vation

—ff bk gt A i e
DEH WU
Apy
=i =vk =uA
= Z ‘b,uu(a)b,\ﬂ('@)blm(‘?’)
Apvafy
% WAt H(R-Y)+H(v=Bl-(r+a)=(p-a)-(A-F)

—=1j —=vk—=pA
- Z Syvshnslm'
Apy

If we arrange the indices of 5 in the following order
(ij) = 11,12,21,13,22,31,...,N N,

Then the matrix S, for example when N = 3, takes the following form

( Wy . wiWy  Wig ) \
w, Wiy , wiw,
ww, W, . ww,
wl w“wg wwo
S = ww, Wy  wiw,
wlwy ww,  w,
ww, wy, wiw,
wzwg Wy wy )
\ wiw;  ww, W

(24)
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We can form the quantum algebra A{S) as above. The algebra A(S) is an
associative algebra generated by N* generators «,;,7,5 = 1,..., N with unity and
subject to the following conditions

S(r@z)=(z®=zx)S (25)

where * = (I\'j)'
On the free associative algebra C{z;;|1 € 7,7 < N} there is a bialgebra structure
under the coproduct A

N
Alzy;) = Z"-‘ik@)‘”k,‘ (26)
k=1

which is extended linearly and multiplicatively, and 1 — 1 @ 1. The co-unit is given
bye=z; — 0.

The bialgebra structure on the free algebra induces a bialgebra structure in a nat-
ural way provided that the defining relations (25) are preserved under the coproduct.
This can be checked as follows,

The defining relations (25) are written explicitly as

z S;cJI(mkmmIn) = Z(ma’kwjl)sﬁlln'
k. k
From which it follows that

ki

i)
z Ski'mkawi'ﬁ @ mamxﬁn
ko, B

= Z(Z S;\:Jlmkamlﬁ) @ maanmﬂn

a8 kI

okl
= Z(Z ‘Tikxji baﬁ) @ ‘Tu'rnmﬁn

a,8 ki

_ ) ST

= Zﬂfskﬁjz ®Zba,3%m$ﬁu
ki o, 3

= Zrikmjf®zmka$wsgﬂ
ki o,

= Y zuz® TpatipSoh =D M@, )A(%;5) St
k,!.ﬂ,ﬁ q’ﬁ

Thus A(S) is well-defined and has a bialgebra structure under the coproduct and
CO-unit.

We can use Weyl relations to give a finite-dimensional representation for the
algebra A(S). Consider the following two operators X, Z on the N-dimensional
complex space CV with following relations (8]

ZX =wXZ ZVN = XN =1 (27

which is referred to as the Weyl relation. The operators X, Z generate a finite
subgroup in End(CV), and they further generate a finite-dimensional algebra, called
a Weyl algebra.
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Theorem. 'The assignment 7 : z;; — w;_;ZX77'w'"! gives rise to an N-

1

dimensional representation of the quantum algebra A(S).

Proof. Substituting S;';c and the assignment of r,; into the defining relations of
A(S), we want to show the following identity

Z w#wm_kwn_,é(m(:’ o p’}é{N—’(j -k+ ﬁ)w'_kZ}(m‘kwk'lzX""'wI'l
Bk,

= Y ww w6k —n— )M - m+ p)
pok,d

x wh=mz Xk=iyinl g Nl=j -1

By using the Weyl relation and postmultiplying both sides by X*/-™-"_ we then
want to show

Z wpwm—kwn—i'é(N)(i_[—H)é{N)(j —k+ p)ZE‘}({j—k)+{i—!)wi+f+k—m—2
kel
= Z wﬁwk_i-w‘;_jé(N)(k —n— )N —m 4 p)
ikl
x Z?x(k-n)+{l—m)w25+j—m—2.

Finally premultiplying both sides by w™-2-i+2Z~2 it follows that the above
equation is equivalent to the following relation

Z wuwm_kwn_lé(N)(i — 1= )6 NG — k4 )
pokd

= > ww_ w8k~ n - )8 - m o+ )
pokyl

which is trivial. 0

Remark. A similar argument also show that n'(z;;) = w;_; ZX/~{w-U-1 gives
another representation of the algebra A(S'), which can also be obtained from the

following relation
"o = ki
us (a'l'j)kf = Sj:'

The latter representation is referred as the fundamental one given the reference
to the S-matrix. For example, when N = 3 we have

{ weZ w, ZX wyZ X*?
!l Y — a7 V2 ars o0 7 an 7Y
"oy — Wi £/ 5% Wi L4 L e S

wwlZX ww!ZX? wyw?Z

It is interesting to notice that the Wey! algebra is also a representation of the
multiparameter quantum group GL, . (V) with p! = ¢;; = w'=i.
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The multiparameter quantum group is a Hopf algebra GL,,. . (N) generated
by N? elements ;; and 1 with the following relations

TuTik = Qi kgt
ZTikTik = PijTipTix 1<
Talie + 9 THT — Qe Ty — 99T T = 0 1<, kgt
Ty + P T % — PRI Tk — P PRl €5x% = 0 1<kl

The coproduct is defined as usual: A(z;) = 3}, 24 ® 74,;. There is also a
determinant element in GL,, . _.(N), which will not be needed explicitly. What we
call the quantum group is actuafly the algebra obtained by adjoining the inverse of
the determinant, with which the antipode is defined.

The quantum algebra GL, . (N) with p3;' = g;; = w'~ has also the same
representation in terms of the Weyl algebras. The assignment p(z;;) = wi-1Z X7~
gives the fundamental representation. Thus we have the following diagram

GLy-5(N) ——  A(S)

| |
! 17
End(CM) End(CM)

In the case of V = 2 the question mark arrow is a homomorphic mapping. We
suspect that there is a possible refation between GL_,_;( N} and the algebra A(S),
which may require futher techniques to attack. If this is ture, it will be much easier
to study the irreducible representations of A{5).

We are sincerely grateful to Professor C N Yang for his interest in the work and
encouragement. The exact formula of (21) was obtained in a discussion with him.
We also thank H X Zhao and K Xue for discussions. Ge and Liu greatly acknowledge
the support of the Chinese National Science Foundation.
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